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Linear Bandits

Finite set A (size A) of vectors in R?.
At time t: choose a; € A, observe

Y; = (0,a;) +m  where n, ~ N(0,1).
6 € RY unknown parameter.

Goal: sample arms, then answer a query about 6.
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Pure exploration for linear bandits

Question
e Which arm a € A has highest mean (0, a)? — answer set A
® |s there a € A with mean < 0 ? — answer set {yes, no}

® |n general, finite answer set 7

i RY T
0 — i*(0)

Pure exploration
® sampling rule (a;)i>1
® stopping rule 75, a stopping time for the filtration (F%):>1
e decision rule’i € T which is Frs-measurable.
Objective Minimize Ey[7;] under the constraint Py (i # i*(0)) < §
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Contributions

Insight on complexities used in linear bandits

Saddle-point approach with a convexified point of view for simpler proofs

Two algorithms with
¢ asymptotically optimal sample complexity (as § — 0)
® competitive empirical performance

® small computational cost
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Lower Bound

Alternative —i := {# € R?: i #i*(0)}
Design matrix Vy, :== >, c 4 waa"  (||z]v = VaTVz)
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Lower Bound

Alternative —i := {# € R?: i #i*(0)}
Design matrix Vy, :== >, c 4 waa"  (||z]v = VaTVz)

Asymptotic lower bound:

E
lim inf _Eolrs] >T7(0)
50 log(1/9)

where the characteristic time T*(0) is defined by

1
T(0)"! := m: inf =0 — \||?
(©) WESa Aei* (6) 2 | Iv.
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Lower Bound

Alternative —i := {# € R?: i #i*(0)}
Design matrix Vy, :== >, c 4 waa"  (||z]v = VaTVz)

Asymptotic lower bound:

E -
lim inf _Eolrs] >T7(0)
5—0 log(1/9)

where the characteristic time T*(0) is defined by

2
Vi

1
T*(0)"! := max inf =6 — )\
WES 4 AE—i*(6) 2

Asymptotically optimal algorithm if

. Eq|[7s5]
lim sup —————<T™(60
5a0p10g(1/5)_ (6)
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Pure Exploration as a Game

T*(0)~! value of a zero-sum game between the agent playing action
a ~ w and the nature playing alternative A

1
T ()" = inf =" w0 — |2
O = s iy 2 200~ Maar
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Pure Exploration as a Game

T*(0)~! value of a zero-sum game between the agent playing action
a ~ w and the nature playing alternative A

1
T 1 . Z 2
*(9) o wEaE); /\Elnf 5 aeA waHe B )\HaaT

Nature plays in unkown!
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Pure Exploration as a Game

T*(0)~! value of a zero-sum game between the agent playing action
a ~ w and the nature playing alternative A

1
T 1 . Z 2
*(9) o wEaE); /\Elnf 5 aeA waHe B )\HaaT

Nature plays in unkown!

Convexified Game: the agent plays action and answer (a,i) ~ w and the
nature plays vector of alternatives A

T*(G)—l = max inf 7/170/’7:”9 o X,HQ .
WES AT XGHZ_(—\Z‘) (a,i)%;lxI aa

N | —
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Example: Best Arm Identification
Question: Which arm a € A has highest mean (0, a)?
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Example: Best Arm Identification
Question: Which arm a € A has highest mean (0, a)?

Estimate uniformly the means of the arms: Optimal Design

AA = min max||a”%/,1
weX 4 acA w
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Example: Best Arm Identification
Question: Which arm a € A has highest mean (0, a)?

Estimate uniformly the means of the arms: Optimal Design

AA = min max||a”%/,1
weX 4 acA w

Estimate uniformly the mean of the directions: Transductive design

ABgir= min max ||b 2,1 Bair:i={a—a’: (a,a’)eAxA
= wEEAbEBdirH HV“’ ==t ( ) }
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Example: Best Arm Identification
Question: Which arm a € A has highest mean (0, a)?

Estimate uniformly the means of the arms: Optimal Design

AA = min deHaHV 1
weX 4 acA

Estimate uniformly the mean of the directions: Transductive design

ABgir= min max ||b 2,1 Bair:i={a—a’: (a,a’)eAxA
dir= zAbeBdrH HVw ar = () )

Estimate the mean of the gap-weighted directions: sest Am Identification

AB*(0):= min max HbHV . B*:={(a*(8)—a)/|(6,a* (6)—a) |:a€.A/{a* (0)}}
weX A beB*(0
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Example: Best Arm Identification
Question: Which arm a € A has highest mean (0, a)?

Estimate uniformly the means of the arms: Optimal Design

AA = min deHaHV 1
weX 4 acA

Estimate uniformly the mean of the directions: Transductive design

ABgir= min max ||b 2,1 Bair:i={a—a’: (a,a’)eAxA
dir= zAbeBdrH HVw ar = () )

Estimate the mean of the gap-weighted directions: sest Am Identification

AB*(0):= min max HbHV . B*:={(a*(8)—a)/|(6,a* (6)—a) |:a€.A/{a* (0)}}
weX A beB*(0

Ordering 1 o
Bdir
<
Amin (‘9)2 o s Amin (9)2

T*(0) = 2AB*(0) < 2
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Designing algorithms with a game

When do we stop?
At t, each arm a is played N/ times. 6, is our estimate for 6.

Concentration result: with probability 1 — 4,
1 ]. N 2
log = > 5116 — Ollyy,

Conclusion: if we have
1 1.4 .
log=< inf —||6; — A 2‘,
5= ettty 21 M

A

then w.p. 1 — 4, 6 ¢ —i*(6,), which means i*(0) = i*(6,).
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Designing algorithms with a game

What should we pull?
When not stopped:

1 1 A
log=> inf =||6; — \||?
5 Ae—i*(6r) 2H ! HVNt
t

1 A
= inf 116, — \|I?
)\eﬂi*(ét); 2H K HV“’S
Goal:
t 1
inf N0, = M2 >tmax inf =|0 = \|Z2 —o(t
Sl MR, 2 st 510 AT~ o)

=tT*(0)" — o(t)

— asymptotic optimality.
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Designing algorithms with a game

Ingredients
e Algorithm (1) playing arm proportions w;.
e Algorithm (2) playing alternatives \, € —i*(0;).
e Optimism for added exploration.

e Optional: (1) plays over both w; and answer i; — simpler proof.

(1) and (2) ensure saddle point property:
LI TN 9 tq . ) t )
inf =16 — A ~ =16y — A ~ max 210 — A

W 2 g0 AR~ 35— Al ~ s D 510 = Al
. 1
>tmax inf =
WET 4 AE—i* () 2

=tT*(0)!

16— AlIg,,
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Convexified version: LinGame-C

Algorithm 1 LinGame-C

Input: Agent learner £~ threshold 3(-,0)
fort=1... do

if max;crinfyc_; %Hgt,l — )\H%,Ntil > p(t—1,0) then
stop and return i = i*(6;_)

end if

Get w; from L and update f/Iv/t = VT/t_l ~+ wy

ForallieZ, \i e argmin/\eﬁiH@g,] - )\\|%/~i

v} )
Feed learner £ with g,(@0) =32, e axz 0'U" /2

Pull a; such that (a;,i;) € argming, ;)c a7 Nta_‘i1 - Wf”
end for
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The usual hard instance

az = (0,1

a3 = (cos(a), sin(a))

a; = (]., O)

A
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The usual hard instance

LinGame | LinGame-C | DKM

al 1912 1959 1943
as 5119 4818 4987
as 104 77 1775
Total 7135 6854 8705

Table: Average number of pulls of each arm.
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Comparison with other algorithms:
The usual hard instance (0 = 0.1,0.01,0.0001)
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Figure: CG = LinGame-C, Lk = LinGame, RR = uniform sampling, fix = tracking
the fixed weights, GS = XY -Static with AA-allocation, XYS = X)Y-Static
with ABy;,-allocation, LG = LinGapE.
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Comparison with other algorithms:
Random unit sphere vectors (d = 6, 8,10, 12)
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Comparison with other algorithms:
Random unit sphere vectors (d = 6, 8,10, 12)
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