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Linear Bandits

Finite set A (size A) of vectors in Rd.

At time t: choose at ∈ A, observe

Yt = 〈θ, at〉+ ηt where ηt ∼ N (0, 1) .

θ ∈ Rd unknown parameter.

Goal: sample arms, then answer a query about θ.
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Pure exploration for linear bandits

Question
• Which arm a ∈ A has highest mean 〈θ, a〉? → answer set A
• Is there a ∈ A with mean < 0 ? → answer set {yes, no}
• In general, finite answer set I

i? : Rd → I
θ 7→ i?(θ)

Pure exploration
• sampling rule (at)t≥1
• stopping rule τδ, a stopping time for the filtration (Ft)t≥1
• decision rule î ∈ I which is Fτδ -measurable.

Objective Minimize Eθ[τδ] under the constraint Pθ
(̂
i 6= i?(θ)

)
≤ δ
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Contributions

Insight on complexities used in linear bandits

Saddle-point approach with a convexified point of view for simpler proofs

Two algorithms with
• asymptotically optimal sample complexity (as δ → 0)
• competitive empirical performance
• small computational cost



Pure Exploration Algorithms Experiments

Lower Bound
Alternative ¬i := {θ ∈ Rd : i 6= i?(θ)}
Design matrix Vw :=

∑
a∈Aw

aaaT (‖x‖V :=
√
xTV x)

Asymptotic lower bound:

lim inf
δ→0

Eθ[τδ]
log(1/δ) ≥T

?(θ)

where the characteristic time T ?(θ) is defined by

T ?(θ)−1 := max
w∈ΣA

inf
λ∈¬i?(θ)

1
2‖θ − λ‖

2
Vw

Asymptotically optimal algorithm if

lim sup
δ→0

Eθ[τδ]
log(1/δ)≤T

?(θ)
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Pure Exploration as a Game

T ?(θ)−1 value of a zero-sum game between the agent playing action
a ∼ w and the nature playing alternative λ

T ?(θ)−1 = max
w∈ΣA

inf
λ∈¬i?(θ)

1
2
∑
a∈A

wa‖θ − λ‖2aaT

Nature plays in ¬i?(θ) unkown!

Convexified Game: the agent plays action and answer (a, i) ∼ w̃ and the
nature plays vector of alternatives λ̃

T ?(θ)−1 = max
w̃∈ΣAI

inf
λ̃∈
∏
i
(¬i)

1
2

∑
(a,i)∈A×I

w̃a,i‖θ − λ̃i‖2aaT
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Example: Best Arm Identification
Question: Which arm a ∈ A has highest mean 〈θ, a〉?

Estimate uniformly the means of the arms: Optimal Design

AA = min
w∈ΣA

max
a∈A
‖a‖2

V −1
w

Estimate uniformly the mean of the directions: Transductive design

ABdir= min
w∈ΣA

max
b∈Bdir

‖b‖2
V −1
w

Bdir:={a−a′: (a,a′)∈A×A}

Estimate the mean of the gap-weighted directions: Best Arm Identification

AB?(θ):= min
w∈ΣA

max
b∈B?(θ)

‖b‖2
V −1
w

B?:={(a?(θ)−a)/|〈θ,a?(θ)−a〉|:a∈A/{a?(θ)}}

Ordering
T ?(θ) = 2AB?(θ) ≤ 2 ABdir

∆min(θ)2 ≤ 8 AA
∆min(θ)2



Pure Exploration Algorithms Experiments

Example: Best Arm Identification
Question: Which arm a ∈ A has highest mean 〈θ, a〉?

Estimate uniformly the means of the arms: Optimal Design

AA = min
w∈ΣA

max
a∈A
‖a‖2

V −1
w

Estimate uniformly the mean of the directions: Transductive design

ABdir= min
w∈ΣA

max
b∈Bdir

‖b‖2
V −1
w

Bdir:={a−a′: (a,a′)∈A×A}

Estimate the mean of the gap-weighted directions: Best Arm Identification

AB?(θ):= min
w∈ΣA

max
b∈B?(θ)

‖b‖2
V −1
w

B?:={(a?(θ)−a)/|〈θ,a?(θ)−a〉|:a∈A/{a?(θ)}}

Ordering
T ?(θ) = 2AB?(θ) ≤ 2 ABdir

∆min(θ)2 ≤ 8 AA
∆min(θ)2



Pure Exploration Algorithms Experiments

Example: Best Arm Identification
Question: Which arm a ∈ A has highest mean 〈θ, a〉?

Estimate uniformly the means of the arms: Optimal Design

AA = min
w∈ΣA

max
a∈A
‖a‖2

V −1
w

Estimate uniformly the mean of the directions: Transductive design

ABdir= min
w∈ΣA

max
b∈Bdir

‖b‖2
V −1
w

Bdir:={a−a′: (a,a′)∈A×A}

Estimate the mean of the gap-weighted directions: Best Arm Identification

AB?(θ):= min
w∈ΣA

max
b∈B?(θ)

‖b‖2
V −1
w

B?:={(a?(θ)−a)/|〈θ,a?(θ)−a〉|:a∈A/{a?(θ)}}

Ordering
T ?(θ) = 2AB?(θ) ≤ 2 ABdir

∆min(θ)2 ≤ 8 AA
∆min(θ)2



Pure Exploration Algorithms Experiments

Example: Best Arm Identification
Question: Which arm a ∈ A has highest mean 〈θ, a〉?

Estimate uniformly the means of the arms: Optimal Design

AA = min
w∈ΣA

max
a∈A
‖a‖2

V −1
w

Estimate uniformly the mean of the directions: Transductive design

ABdir= min
w∈ΣA

max
b∈Bdir

‖b‖2
V −1
w

Bdir:={a−a′: (a,a′)∈A×A}

Estimate the mean of the gap-weighted directions: Best Arm Identification

AB?(θ):= min
w∈ΣA

max
b∈B?(θ)

‖b‖2
V −1
w

B?:={(a?(θ)−a)/|〈θ,a?(θ)−a〉|:a∈A/{a?(θ)}}

Ordering
T ?(θ) = 2AB?(θ) ≤ 2 ABdir

∆min(θ)2 ≤ 8 AA
∆min(θ)2



Pure Exploration Algorithms Experiments

Example: Best Arm Identification
Question: Which arm a ∈ A has highest mean 〈θ, a〉?

Estimate uniformly the means of the arms: Optimal Design

AA = min
w∈ΣA

max
a∈A
‖a‖2

V −1
w

Estimate uniformly the mean of the directions: Transductive design

ABdir= min
w∈ΣA

max
b∈Bdir

‖b‖2
V −1
w

Bdir:={a−a′: (a,a′)∈A×A}

Estimate the mean of the gap-weighted directions: Best Arm Identification

AB?(θ):= min
w∈ΣA

max
b∈B?(θ)

‖b‖2
V −1
w

B?:={(a?(θ)−a)/|〈θ,a?(θ)−a〉|:a∈A/{a?(θ)}}

Ordering
T ?(θ) = 2AB?(θ) ≤ 2 ABdir

∆min(θ)2 ≤ 8 AA
∆min(θ)2



Pure Exploration Algorithms Experiments

Designing algorithms with a game

When do we stop?
At t, each arm a is played Na

t times. θ̂t is our estimate for θ.
Concentration result: with probability 1− δ,

log 1
δ
>

1
2‖θ̂t − θ‖

2
VNt

Conclusion: if we have

log 1
δ
≤ inf

λ∈¬i∗(θ̂t)

1
2‖θ̂t − λ‖

2
VNt

then w.p. 1− δ, θ /∈ ¬i∗(θ̂t), which means i∗(θ) = i∗(θ̂t).
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Designing algorithms with a game
What should we pull?
When not stopped:

log 1
δ
> inf

λ∈¬i?(θ̂t)

1
2‖θ̂t − λ‖

2
VNt

= inf
λ∈¬i?(θ̂t)

t∑
s=1

1
2‖θ̂t − λ‖

2
Vws

Goal:

inf
λ∈¬i?(θ̂t)

t∑
s=1

1
2‖θ̂t − λ‖

2
Vws
≥ t max

w∈ΣA
inf

λ∈¬i?(θ)

1
2‖θ − λ‖

2
Vw − o(t)

= tT ?(θ)−1 − o(t)

→ asymptotic optimality.
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Designing algorithms with a game
Ingredients
• Algorithm (1) playing arm proportions wt.
• Algorithm (2) playing alternatives λt ∈ ¬i∗(θ̂t).
• Optimism for added exploration.
• Optional: (1) plays over both wt and answer it → simpler proof.

(1) and (2) ensure saddle point property:

inf
λ∈¬i?(θ̂t)

t∑
s=1

1
2‖θ̂t − λ‖

2
Vws
≈

t∑
s=1

1
2‖θ̂t − λs‖

2
Vws
≈ max

w∈ΣK

t∑
s=1

1
2‖θ − λs‖

2
Vw

≥ t max
w∈ΣA

inf
λ∈¬i?(θ)

1
2‖θ − λ‖

2
Vw

= tT ?(θ)−1
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Convexified version: LinGame-C

Algorithm 1 LinGame-C

Input: Agent learner Lw̃, threshold β(·, δ)
for t = 1 . . . do
if maxi∈I infλ∈¬i 1

2‖θ̂t−1 − λ‖2
VNt−1

≥ β(t− 1, δ) then
stop and return î = i?(θ̂t−1)

end if
Get w̃t from Lw̃ and update W̃t = W̃t−1 + w̃t
For all i ∈ I, λ̃it ∈ arg minλ∈¬i‖θ̂t−1 − λ‖2V

w̃i
t

Feed learner Lw̃ with gt(w̃) =
∑

(a,i)∈A×I w̃
a,iUa,it /2

Pull at such that (at, it) ∈ arg min(a,i)∈A×I N
a,i
t−1 − W̃

a,i
t

end for
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The usual hard instance
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The usual hard instance

LinGame LinGame-C DKM
a1 1912 1959 1943
a2 5119 4818 4987
a3 104 77 1775

Total 7135 6854 8705

Table: Average number of pulls of each arm.
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Comparison with other algorithms:
The usual hard instance (δ = 0.1, 0.01, 0.0001)

CG-C Lk-C RR fix GS XYS XYA LG
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Figure: CG = LinGame-C, Lk = LinGame, RR = uniform sampling, fix = tracking
the fixed weights, GS = XY-Static with AA-allocation, XYS = XY-Static
with ABdir-allocation, LG = LinGapE.
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Comparison with other algorithms:
Random unit sphere vectors (d = 6, 8, 10, 12)

CG-C Lk-C RR fix GS XYS XYA LG
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Thank you!
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