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Markov Decision Process (MDP)

Tabular, episodic MDP: H horizon, S states, A actions.

Learning in MDP: at episode t, step h
m state s}
m action aj,
® next state s; , ~ pu(-|sf, aj)

m reward ry(sf, a}) (known)

Bellman equation policy 7

where ppf = 3", pn(s’|s, a)f(s’)
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Markov Decision Process (MDP)

Tabular, episodic MDP: H horizon, S states, A actions.

Learning in MDP: at episode t, step h
m state sf
m action aj,
® next state s;, , ~ pu(-|sf, a})

m reward ry(sf, a}) (known)
Optimal Bellman equation

Qh(s,a) = (rn + pnVii1)(s, a)
Vi(s) = max Q5 (s, a)

Viia(s) =
where ppf = 3", pu(s'[s, a)f(s’)
Regret after T episodes: RT = Z;l Vi(s1) — Vlﬁt(sl)
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Regret minimization

Lower bound E[RT] > Q(V H3SAT)
[Domingues et al., 2021, Jin et al., 2018]

Typical regret bound RT < O(VH3SAT + poly(H)S?A)
— optimal bound only for T > poly(H)S?A, bad when S large, continuous...

— non-trivial bound i.e. RT < TH, for poly(H)S samples per state-actions

Algorithm Upper bound

UCBVI [Azar et al., 2017] O(VH3SAT + H35%A)

UBEV [Dann et al., 2017] O(VH*SAT + H253A2?)

EULER [Zanette and Brunskill, 2019]  O(VH3SAT + H3S3/2A(V/S + \/ﬁ))
OptQL [Jin et al., 2018] (Bernstein) O(VH*SAT + H9/25%/2 p3/2)
UCB-Advantage [Zhang et al., 2020] O(VH3SAT + H33/452A3/2T1/4)
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Regret minimization

Lower bound E[RT] > Q(V H3SAT)
[Domingues et al., 2021, Jin et al., 2018]

Wanted regret bound R < O(v/H3SAT + poly(H)SA)
— optimal bound only for T > poly(H)SA

— non-trivial bound i.e. RT < TH, for poly(H) samples per state-actions

Question: Regret first order optimal (in T) and at most linear in S?

Algorithm Upper bound

UCBVI [Azar et al., 2017] O(VH3SAT + H35%A)

UBEV [Dann et al., 2017] O(VH*SAT + H253A2)

EULER [Zanette and Brunskill, 2019] ~ O(VH3SAT + H3S3/2A(V/S + \/ﬁ))
OptQL [Jin et al., 2018] (Bernstein) O(VH*SAT + H9/25%/2 p3/2)
UCB-Advantage [Zhang et al., 2020] O(VH3SAT + H33/452A3/2T1/4)
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Regret minimization

Lower bound E[RT] > Q(V H3SAT)
[Domingues et al., 2021, Jin et al., 2018]

Wanted regret bound R < O(v/H3SAT + poly(H)SA)
— optimal bound only for T > poly(H)SA

— non-trivial bound i.e. RT < TH, for poly(H) samples per state-actions

Question: Regret first order optimal (in T) and at most linear in 57 Yes!

Algorithm Upper bound

UCBVI [Azar et al., 2017] O(VH3SAT + H352A)

UBEV [Dann et al., 2017] O(VH*SAT + H>S3A?)

EULER [Zanette and Brunskill, 2019] (5(\/ H3SAT + H3S32A(V'S + \/ﬁ))
OptQL [Jin et al., 2018] (Bernstein) O(VH*SAT + H9/25%/2 p3/2)
UCB-Advantage [Zhang et al., 2020] O(VH3SAT + H33/452A3/2T1/4)
UCBMQ (this paper) O(VH3SAT + H*SA)
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Algorithms

. . AN . .
Principle aj € argmax, Q,(s, a), act greedily with respect to upper
confidence bound on the optimal Q-values Q*

If pp is known: dynamic Q-value iteration

Qi(s.a) = (m+pVy )(sa)  Vi(s) = maxQy(s.a)
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Algorithms

. . AN . .
Principle aj € argmax, Q,(s, a), act greedily with respect to upper
confidence bound on the optimal Q-values Q*

If pp is known: dynamic Q-value iteration
J— J— 71 J— J—
Qhls.a) = (m+pVh )s,a)  Vi(s)=maxQy(s, a)

If p, unknown, approximate the expectation with samples: Q-learning

Qf(s, @)= an(rn + PV )(s,3) + (1 — ) Q0 X(s, 2)
Qh(s,3) = Qf(s,a) + bi(s,8) V() = max Q(s, )

where the sample expectation (pjf)(s,a) = f(sp, )
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Algorithms

. . AN . .
Principle aj € argmax, Q,(s, a), act greedily with respect to upper
confidence bound on the optimal Q-values Q*

If pp is known: dynamic Q-value iteration
J— J— 71 J— J—
Qhls.a) = (m+pVh )s,a)  Vi(s)=maxQy(s, a)

If p, unknown, approximate the expectation with samples: Q-learning

Qp(s,a)= an(rn + PEVy )(s,3) + (1 — a,) Q7 X(s, a)
Qh(s.a) = Qi(s,a) + Vi(s) = mgxéz(s, a)

where the sample expectation (pjf)(s,a) = f(sp, )

How to choose the learning rate «, and the 7
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Q-learning

learning rate a, = 1/n, unfolding the formula for Qf + Hoeffding inequality

1@ i1
Q) (s,a) = ry(s,a) + - Z PhV (s, a)

—i—1
~ rp(s, a) +Ph< th+1> )+

=V

b s.a bias-value function

— no S to pay for passing from sample average pj, to true transition pj

. -1 L
— uniform average over the past targets V’h+1: bound exponential in H
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Q-learning

learning rate o, &= H/n (OptQL [Jin et al., 2018])

Qi (s, a) = ri(s, a) Z pth+1 s,a)

i>n—H/n

H3
~ (s, a)+p,7 Z V,,+1 s,a :t\
I>I1 n/H \\/_/

variance term

=V}, bias-value function

— keep only the last H/n fraction of the past targets: bound polynomial in H

— only n/H samples in the average: extra H in the bonus
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UCB Momentum Q-learning

Idea Add a (negative) momentum to correct the bias [Azar et al., 2011]

learning rate a, = 1/n and momentum rate v, ~ H/n: UCBMQ

—n—1 _
Qi(s:3) = anlrh + PhViy1)(s,a) + (1 — @) QX (s, a)
+ Vn pl’:(v:+1 Vl:s i)( a)

<0, momentum

where the bias-value function
n 771 n—
Vh,s,a(sl) = (a" + fY") Vh+1(s/) + (1 - Qp — )Vh s, l( )

~ — E V
n h+1

i>n—n/H
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UCB Momentum Q-learning

Qp(s.a) ~ (s, 2) th( (H+)Vyy = Vigh) (5.9)

—l 1 H?
th(sa—l—ph— Z ,a) = .
l>n n/H ——

variance term

~V}_ , bias-value function

n nl 1
+ thv,,si )(s.2)

momentum variance term

— keep only the last H/n fraction of the past targets: bound polynomial in H
— n samples to approximate the mean

— still an extra H in the bonus — Bernstein inequality instead of Hoeffding
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UCBMQ algorithm

b Regret bound w.h.p.

RT < O(VH3SAT + H*SA)
Time complexity per episode

O(HS)
" omat Space complexity O(HS?A) (bias
value function per state-action)

|
2 ;
k
1 h optQL
—= UCBMQ
Greedy-UCBVI
2 isote ? i Model-free vs model-based?

Open problem

O(VH3SAT + H352A))
= Algorithm with bound O(VH3SAT + H2SA)?

m linear in S regret bound for model-based algorithms? (UCBVI
m With time complexity O(H) per episode and space complexity O(HSA)?
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Thank you!
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